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Abstract
We investigate roads for evaluating model-independent cross-section distributions for the sequen-
tial hyperon decay Σ0 → Λγ; Λ→ ppi− and its corresponding antihyperon decay. The hyperons are
produced in the reaction e+e− → J/ψ → Σ0Σ¯0. Cross-section distributions are calculated using
the folding technique.
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I. INTRODUCTION
The BESIII experiment [1] is exploring new venues into hyperon physics, based on e+e−
annihilation into hyperon-antihyperon pairs. In a recent paper [2], we investigated in some
detail the reaction e+e− → J/ψ → Σ0Σ¯0 and its associated decay chains Σ0 → Λγ; Λ→ ppi−
and Σ¯0 → Λ¯γ; Λ¯ → p¯pi+. By measuring this process in the vicinity of the J/ψ-vector-
charmonium state, one gains information on the strong baryon-antibaryon-decay process of
the J/ψ-vector-charmonium state and also, it offers a model-independent way of measuring
weak-decay-asymmetry parameters, that in turn can probe CP symmetry [3].
The diagram for the basic reaction e+e− → J/ψ → Σ0Σ¯0 is graphed in Fig.1. Its structure
is governed by two vertices. The strength of the lepton-vertex function is determined by
a single parameter, the electromagnetic-fine-structure constant αe, but two complex form
factors GψM(s) and G
ψ
E(s) are needed for the baryonic-vertex function. However, we shall not
work with the form factors themselves but with certain combinations thereof: the strength
of form factors Dψ(s); the ratio of form-factor magnitudes ηψ(s); and the relative phase of
form factors ∆Φψ(s). These form-factor combinations are defined in Appendix A.
γ J/ψ(P )
e+(k2)
e−(k1)
Σ¯0(p2)
Σ0(p1)
FIG. 1: Graph describing the psionic annihilation reaction e+e− → J/ψ → Σ¯0Σ0. The same
reaction can also proceed hadronicly via other vector-charmonium states such as ψ′ or ψ(2S), or
electromagnetically via photons.
The theoretical description of the annihilation reaction of Fig.1 can be found in Ref.[4].
Accurate experimental results for the form-factor parameters ηψ and ∆Φψ and the weak-
interaction parameters αΛ(αΛ¯) for the J/ψ annihilation process are all reported in Ref.[3].
In addition, the graph can be generalized to include hyperons that decay sequentially.
Our analysis of the cross-section-distribution function for the annihilation reaction
e+e− → J/ψ → Σ0Σ¯0, followed by its subsequent hyperon decays, starts from the mas-
ter formula of Ref.[2], and which is reproduced in the following section. The purpose of
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our investigation is to find out which coordinate choice would be most convenient when
evaluating the master formula, and at the same time being able to compare our result to
those of others.
II. MASTER FORMULA
In several previous publications we studied e+e− annihilation into hyperon pairs Y Y¯ and
the subsequent decays of those pairs. Photon as well as charmonium induced annihilaton
was considered. In the present investigation we limit ourselves to the hyperon-decay chain
Σ0 → Λγ; Λ → ppi−, and its corresponding antihyperon-decay chain Σ¯0 → Λ¯γ; Λ¯ → p¯pi+,
again when simultaneously occuring in the reaction e+e− → J/ψ → Σ0Σ¯0.
In Ref.[2] it was shown that the cross-section-distribution function for a J/ψ induced
joint production and subsequent decay of a Σ0Σ¯0 pair can be summarized in the master
formula
dσ = dσ(e+e− → J/ψ → Σ0Σ¯0)
[
W(ξ)
R
]
dΦ(Σ0,Λ, p; Σ¯0, Λ¯, p¯). (II.1)
As can be seen the master formula involves three factors, describing the annihilation of a
lepton pair into a hyperon pair; the folded product of spin densities W(ξ) representing
hyperon production and decay; and the phase space element of sequential hyperon decays.
Each event is specified by a nine-dimensional vector ξ = (θ,ΩΛ,Ωp,ΩΛ¯,Ωp¯), with θ the
scattering angle in the e+e− → Σ0Σ¯0 subprocess.
Following Refs. [4] and [2] we write the cross-section-distribution function for the J/ψ
induced annihilation reaction e+e− → J/ψ → Σ0Σ¯0 as
dσ
dΩΣ0
(e+e− → J/ψ → Σ0Σ¯0) = p
k
αψαg
(s−m2ψ)2 +m2ψΓ(mψ)
Dψ(s)R, (II.2)
where the strength function Dψ(s) is defined in Appendix A, and the structure func-
tion R in Appendix B. The electromagnetic-coupling constant αψ is determined by the
electromagnetic-decay width Γ(J/ψ → e+e−), and the hadronic-coupling constant αg simi-
larly by the hadronic-decay width Γ(J/ψ → Σ0Σ¯0).
The differential-spin-distribution function W(ξ) of Eq.(II.1) is obtained by folding a
product of five spin densities,
W(ξ) =
〈
S(nΣ0 ,nΣ¯0)G(nΣ0 ,nΛ)G(nΛ,np)G(nΣ¯0 ,nΛ¯)G(nΛ¯,np¯)
〉
n
, (II.3)
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in accordance with the prescription of Ref.[5] and of Eq.(V.20). The folding operation 〈...〉n
applies to each of the six hadron spin vectors, nΣ0 , ...,np¯.
The function S(nΣ0 ,nΣ¯0) represents the spin-density distribution for the Σ
0Σ¯0 hyperon
pair. This function also depends on the unit vectors lΣ0 and lΣ¯0 , which are unit vectors in the
directions of motion of the Σ0 and Σ¯0 hyperons in the center-of-momentum (c.m.) frame of
the event. The four remaining spin-density-distribution functions G(nY1 ,nY2) represent spin-
density distributions for the hyperon decays Σ0 → Λγ; or Λ → ppi−; or their antihyperon
counterparts.
The spin-decay-distribution functions G(nY1 ,nY2) are normalized to unity, which means
their spin independent terms are unity. However, for convenience the spin-density-
distribution function S(nΣ0 ,nΣ¯0) is normalized to R.
The phase-space factor, dΦ(Σ0,Λ, p; Σ¯0, Λ¯, p¯) of the master equation, describes the nor-
malized phase-space element for the sequential decays of the two baryons Σ0 and Σ¯0,
dΦ(Σ0,Λ, p; Σ¯0, Λ¯, p¯) =
Γ(Σ0 → Λγ)
Γ(Σ0 → all)
dΩΛ
4pi
· Γ(Λ→ ppi
−)
Γ(Λ→ all)
dΩp
4pi
·Γ(Σ¯
0 → Λ¯γ)
Γ(Σ¯0 → all)
dΩΛ¯
4pi
· Γ(Λ¯→ p¯pi
−)
Γ(Λ¯→ all)
dΩp¯
4pi
. (II.4)
The widths are defined in the usual way. For Γ(Σ0 → Λγ) this means forming an average
over the Σ0 spin directions, and summing over the Lambda and gamma spin directions. The
angles ΩΛ define the direction of motion of the Λ hyperon in the Σ
0 rest system; the angles
Ωp the direction of motion of the p baryon in the Λ rest system, and so on.
III. e+e− ANNIHILATION INTO Σ0Σ¯0 PAIRS
The cross-section-distribution function for e+e− annihilation into a Σ0Σ¯0 pair appears
in two places in the master formula of Eq.(II.1). The unpolarized-cross-section-distribution
function is a prefactor in the master formula, and the hyperon-spin-density-distribution
function enters as a factor in the spin-density-distribution function of Eq.(II.3).
The cross-section distribution for polarized-final-state hyperons was derived in Refs.[2]
and [4],
dσ
dΩΣ0
(e+e− → J/ψ → Σ0Σ¯0) = p
4k
αψαgDψ(s)
(s−m2ψ)2 +m2ψΓ(mψ)
S(nΣ0 ,nΣ¯0), (III.5)
4
where Dψ(s) is the strength function of Eq.(A.1), nΣ0 and nΣ¯0 the spin vectors of the Σ
0
and Σ¯0 hyperons, and S(nΣ0 ,nΣ¯0) the spin-density-distribution function for the final-state
hyperons. This spin-density-distribution function is normalized so that its spin-independent
part equals R, with
R = 1 + ηψ cos2θ, (III.6)
according to Eq.(B.1). Consequently, summing over the final-state-hyperon polarizations
gives the unpolarized cross-section-distribution function
dσ
dΩΣ0
(e+e− → J/ψ → Σ0Σ¯0) = p
k
αψαg
(s−m2ψ)2 +m2ψΓ(mψ)
Dψ(s)R, (III.7)
For a spin-one-half baryon of four-momentum p, the four-vector spin s(p) is related to
the three-vector-spin direction n, the spin in the rest system, by
s(p,n) =
n‖
M
(|p|, Epˆ) + (0,n⊥). (III.8)
Longitudinal and transverse directions of vectors are relative to the pˆ direction.
In the global c.m. system kinematics simplifies. There, three-momenta p and k are
defined such that
pΣ0 = −pΣ¯0 = p, (III.9)
ke+ = −ke− = k, (III.10)
and the scattering angle θ such that cos θ = pˆ · kˆ. For the Σ0 and Σ¯0 unit vectors lΣ0 and
lΣ¯0 , we have lΣ0 = −lΣ¯0 = pˆ.
The spin-density-distribution function S(nΣ0 ,n2) is a sum of seven mutually orthogonal
contributions [6],
S(nΣ0 ,nΣ¯0) =R+ SN · nΣ0 + SN · nΣ¯0 + T1nΣ0 · pˆnΣ¯0 · pˆ
+ T2nΣ0⊥ · nΣ¯0⊥ + T3nΣ0⊥ · kˆnΣ¯0⊥ · kˆ/ sin2θ
+ T4
(
nΣ0 · pˆnΣ¯0⊥ · kˆ+ nΣ¯0 · pˆnΣ0⊥ · kˆ
)
/ sin θ, (III.11)
where N is normal to the scattering plane,
N =
1
sin θ
pˆ× kˆ. (III.12)
The six structure functions R, S, and T of Eq.(III.11) depend on the scattering angle θ,
the ratio function ηψ(s), and the phase function ∆Φψ(s). For their definitions we refer to
Appendix B, but be careful, our original definitions were slightly different [6].
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IV. ASSORTED SPIN DENSITIES
To be able to calculate the differential-distribution function of Eq.(II.3) we need in addi-
tion to the spin-density-distribution function for the Σ0Σ¯0 final-state pair, the spin-density-
distribution functions for the decays Σ0 → Λγ and Λ→ ppi−, and their antiparticle conjugate
decays.
Weak decays of spin-one-half baryons, such as Λ → ppi−, involve both S- and P-wave
amplitudes, and the spin-density-decay distribution is commonly parametrized by three
parameters, denoted αβγ, and which fulfill a relation
α2 + β2 + γ2 = 1. (IV.13)
Details of this description can be found in Refs.[8] and [2].
The spin-density-distribution function G(nΛ,np), describing the decay Λ → ppi−, is a
scalar, which we choose to evaluate in the rest system of the Λ hyperon, to get
G(nΛ,np) = 1 + αΛnΛ · lp + αΛnp · lp + nΛ · LΛ(np, lp), (IV.14)
with the vector-valued function LΛ(np, lp) defined as
LΛ(np, lp) = γΛnp +
[
(1− γΛ)np · lp
]
lp + βΛnp × lp. (IV.15)
Here, nΛ and np are the spin vectors of the Λ hyperon and the p baryon, and lp a unit
vector in the direction of motion of the proton in the rest system of the Λ hyperon. The
Λ indices remind us the parameters refer to a Λ decay. An important aspect of the spin-
density-distribution function is its normalization. The spin-independent term is unity.
The spin-density-distribution functionG(nΛ¯,np¯) for the antiparticle-conjugate decay Λ¯→
p¯pi+ has exactly the same functional structure as G(nΛ,np), but the decay parameters take
other numerical values. For CP conserving interactions the asymmetry parameters of the
Λ-hyperon decay are related to those of the Λ¯-hyperon decay by [9, 10]
αΛ = −αΛ¯, βΛ = −βΛ¯, γΛ = γΛ¯. (IV.16)
Next, we turn to the electromagnetic M1 transition Σ0 → Λγ. It is caused by a transition-
magnetic moment, of strength
µΣΛ = eF2(0)/(mΣ +mΛ). (IV.17)
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The normalized-spin-density-distribution function for a Σ0 → Λγ transition to a final
state of fixed photon helicity λγ is, according to Ref.[2],
Gγ(nΣ0 ,nΛ;λγ) = 1− nΣ0 · lγ lγ · nΛ + λγ(nΣ0 · lγ − nΛ · lγ), (IV.18)
where lγ is a unit vector in the direction of motion of the photon, and lΛ = −lγ a unit vector
in the direction of motion of the Λ hyperon, both in the rest system of the Σ0 baryon. The
photon helicities λγ take on the values ±1.
We notice that when both hadron spins are parallel or anti-parallel to the photon momen-
tum, then the decay probability vanishes, a property of angular-momentum conservation.
Summing, in Eq.(IV.19), the contributions from the two photon-helicity states gives the
normalized-spin-density-distribution function
G(nΣ0 ,nΛ) = 1− nΣ0 · lγ lγ · nΛ. (IV.19)
The normalized-spin-density-distribution function for the conjugate transition, Σ¯0 → Λ¯γ,
is obtained by replacing, in expression (IV.19), the particle spin vectors nΣ0 and nΛ by the
antiparticle-spin vectors nΣ¯0 and nΛ¯ .
V. SEQUENTIAL DECAY OF HYPERONS
A factor of our master formula for hyperon production and decay, Eq.(II.1), is the
differential-spin-distribution functionW(ξ) of Eq.(II.3), which is obtained by folding a prod-
uct of five spin densities. The folding prescription is especially adapted to spin one-half
baryons. A folding operation implies forming an average over intermediate-spin directions
n according to the prescription of Refs.[5] and [7]
〈
1
〉
n
= 1,
〈
n
〉
n
= 0,
〈
n · kn · l〉
n
= k · l. (V.20)
The spin-density distribution W (nΣ0 ,np) for the decay chain Σ
0 → Λγ; Λ→ ppi− is obtained
by folding the product of the spin density distributions in the decay chain. We obtain
W (nΣ0 ,np) =
〈
G(nΣ0 ,nΛ)G(nΛ,np)
〉
nΛ
, (V.21)
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FIG. 2: Graph describing the reaction e+e− → Σ¯0Σ0, and the subsequent decays, Σ0 → Λγ; Λ →
ppi− and Σ¯0 → Λ¯γ; Λ¯ → p¯pi+. The reaction graphed can, in addition to photons, be mediated by
vector charmonia, such as J/ψ, ψ′ and ψ(2S). Solid lines refer to baryons, dashed to mesons, and
wavy to photons.
where the two spin-density-distribution functions on the right-hand side are defined in
Eqs.(IV.19) and (IV.14). Performing the folding operation gives
W (nΣ0 ,np) = UΣ0 + nΣ0 ·VΣ0 , (V.22)
UΣ0 = 1 + αΛnp · lp, (V.23)
VΣ0 = −lγ [αΛlγ · lp + np · LΛ(lγ,−lp)] , (V.24)
and ditto for W (nΣ¯0 ,np¯).
VI. PRODUCTION AND DECAY OF Σ0Σ¯0 PAIRS
Now, we come to our final task; production and decay of Σ0Σ¯0 pairs. The starting point
is the reaction e+e− → Σ0Σ¯0, the spin-density-distribution function of which was calculated
in Sect.3, and named S(nΣ0 ,nΣ¯0). The spin-density-distribution function W (nΣ0 ,np) which
represents the decay chain Σ0 → Λγ; Λ → ppi− was calculated in Sect. 5; and so for the
anti-chain-decay function W (nΣ¯0 ,np¯).
The final-state-angular distributions are obtained by folding the spin distributions for pro-
duction and decay, according to presciption (V.20). Invoking Eq.(III.11) for the production
step and Eq.(V.22) and its anti-distribution for the decay steps, we get the differential-spin-
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density-distribution function
W(ξ) =
〈
S(nΣ0 ,nΣ¯0)W (nΣ0 ,np)W (nΣ¯0 ,np¯)
〉
nΣ0 ,nΣ¯0
=RUΣ0UΣ¯0 + SUΣ¯0 N ·VΣ0 + SUΣ0 N ·VΣ¯0
+ T1VΣ0 · pˆVΣ¯0 · pˆ+ T2VΣ0⊥ ·VΣ¯0⊥
+ T3VΣ0⊥ · kˆVΣ¯0⊥ · kˆ/ sin2θ
+ T4
(
VΣ0 · pˆVΣ¯0⊥ · kˆ+VΣ¯0 · pˆVΣ0⊥ · kˆ
)
/ sin θ. (VI.25)
The functions UΣ0 and VΣ0 are defined in Sect. 5, and
UΣ0 = 1 + αΛnp · lp, (VI.26)
VΣ0 = −lγ [αΛlγ · lp + np · LΛ(lγ,−lp)] . (VI.27)
We observe that UΣ0 depends on the weak interaction parameter αΛ, whereas VΣ0 in addition
depends on the parameters βΛ and γΛ through the vector function LΛ, of Eq.(IV.15).
The angular distributions of Eq.(VI.25) are the most general ones, and still depend on the
spin vectors np and np¯ which are difficult to measure. If we are willing to consider proton-
and anti-proton-spin averages, then variables U and V simplify,
UΣ¯0 = 1, VΣ0 = −αΛ lΛ · lplΛ,
UΣ¯0 = 1, VΣ¯0 = −αΛ¯ lΛ¯ · lp¯lΛ¯. (VI.28)
Since UΣ0 = UΣ¯0 = 1 the effect of the folding is to make, in the spin-density function
S(nΣ0 ,nΣ¯0) of Eq.(III.11), the replacements nΣ0 → VΣ0 and nΣ¯0 → VΣ¯0 . We notice that
the U and V variables are independent of the weak-asymmetry parameters βΛ and γΛ. Their
dependence is hidden in the vector function LΛ(lγ,−lp) of Eq.(V.22), and which is absent
in Eq.(VI.25).
Inserting the expressions of Eq.(VI.28) into the spin-density function of Eq.(VI.25), we
get
W(ξ) =R− αΛSN · lΛ lΛ · lp − αΛ¯SN · lΛ¯ lΛ¯ · lp¯
+ αΛαΛ¯ lΛ · lplΛ¯ · lp¯
[
T1lΛ · pˆlΛ¯ · pˆ
+ T2lΛ⊥ · lΛ¯⊥ + T3lΛ⊥ · kˆlΛ¯⊥ · kˆ/ sin2θ
+ T4
(
lΛ · pˆlΛ¯⊥ · kˆ+ lΛ¯ · pˆlΛ⊥ · kˆ
)
/ sin θ
]
. (VI.29)
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Thus, this is the angular distribution obtained when folding the product of spin densities
for production and decay. These results were previously reported in Refs.[2] and [7].
VII. DIFFERENTIAL-SPIN DISTRIBUTIONS
A closer inspection of the differential-spin-density-distribution function of Eq.(VI.29)
shows that the weak-interaction parameters αΛ and αΛ¯ always come in the combinations
αΛlΛ · lp or αΛ¯lΛ¯ · lp¯. Therefore, it is convenient to define the following functions;
λΛ(θΛp) = αΛlΛ · lp = αΛ cos(θΛp), (VII.30)
λΛ¯(θΛ¯p¯) = αΛ¯lΛ¯ · lp¯ = αΛ¯ cos(θΛ¯p¯). (VII.31)
Then, the differential-spin-density-distribution function of Eq.(VI.29) can be rewritten as
W(ξ) = R−
[
λΛQΛ + λΛ¯QΛ¯
]
S
+ λΛλΛ¯
[
Q1T1 +Q2T2 +Q3T3 +Q4T4
]
,
(VII.32)
with the argument ξ a nine-dimensional vector ξ = (θ,ΩΛ,Ωp,ΩΛ¯,Ωp¯) representing the
scattering angle and four directional-unit vectors of particle motion.
The six structure functions R, S, and T are functions of the scattering angle θ and
the ratio of form factors ηψ. The six kinematic Q functions are functions of lΛ and lΛ¯.
Their dependencies on the unit vectors lp and lp¯ reside solely in the functions λΛ and λΛ¯ of
Eqs.(VII.30) and (VII.31).
The analytic expressions for the six functions Q(lΛ, lΛ¯) are obtained by comparing
Eqs.(VI.29) and (VII.32);
QΛ =N · lΛ,
QΛ¯ =N · lΛ¯,
Q1 =lΛ · pˆlΛ¯ · pˆ,
Q2 =lΛ⊥ · lΛ¯⊥,
Q3 =lΛ⊥ · kˆlΛ¯⊥ · kˆ/ sin2θ,
Q4 =
[
lΛ · pˆlΛ¯⊥ · kˆ+ lΛ¯ · pˆlΛ⊥ · kˆ
]
/ sin θ. (VII.33)
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Here, longitudinal and transverse components of vectors are defined relative to pˆ, the direc-
tion of motion of the Σ0 hyperon.
The differential-spin-density distribution of Eq.(VII.32), and the angular functions above,
depend on a number of unit vectors; pˆ and −pˆ are unit vectors along the directions of motion
of the Σ0 and the Σ¯0 in the c.m. system; kˆ and −kˆ are unit vectors along the directions of
motion of the incident electron and positron in the c.m. system; lΛ and lΛ¯ are unit vectors
along the directions of motion of the Λ and Λ¯ in the rest systems of the Σ0 and the Σ¯0; lp
and lp¯ are unit vectors along the directions of motion of the p and the p¯ in the rest systems
of the Λ and the Λ¯.
VIII. GLOBAL ANGULAR FUNCTIONS
The differential-spin-density distribution (VI.29) is a function of several unit vectors. In
order to handle them we need a common coordinate system, which we call global and define
as follows. The scattering plane of the reaction e+e− → Σ0Σ¯0 is spanned by the unit vectors
pˆ = lΣ0 and kˆ = le, as measured in the c.m. system. The scattering plane makes up the xz-
plane, with the y-axis along the normal to the scattering plane. We choose a right-handed
coordinate system with basis vectors
ez = pˆ,
ey =
1
sin θ
(pˆ× kˆ),
ex =
1
sin θ
(pˆ× kˆ)× pˆ, (VIII.34)
and where the initial-state-lepton momentum is decomposed as
kˆ = sin θ ex + cos θ ez. (VIII.35)
The reason we call this coordinate system global is that we use it whenever studying a
sub-process of the e+e− annihilation.
In spherical xyz coordinates the unit vectors lΛ and lΛ¯ associated with the directions of
motion of the Λ and Λ¯ hyperons are,
lΛ = (cosφΛ sin θΛ, sinφΛ sin θΛ, cos θΛ),
lΛ¯ = (cosφΛ¯ sin θΛ¯, sinφΛ¯ sin θΛ¯, cos θΛ¯). (VIII.36)
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However, in order to make our formulas more transparent we introduce the notations lΛ =
E = (Ex, Ey, Ez) and lΛ¯ = F = (Fx, Fy, Fz). In this Cartesian notation, the expressions for
kinematic functions Q(lΛ, lΛ¯) of Eq.(VII.33) are,
QΛ = Ey, QΛ¯ = Fy,
Q1 = EzFz, Q2 = ExFx + EyFy,
Q3 = ExFx, Q4 = ExFz + EzFx. (VIII.37)
Inserting these expressions for the Q functions into Eq.(VII.32), the definition of the
differential-spin-density-distribution function, gives
W(ξ(Ω)) = 1 + ηψ cos2θ
−
√
1− η2ψ sin(∆Φψ) sin θ cos θ
[
λΛEy + λΛ¯Fy
]
+ λΛλΛ¯
[
(1 + ηψ)EzFz + sin
2θ
(
ExFx − EzFz − ηψEyFy
)
+
√
1− ηψ2 cos(∆Φψ) sin θ cos θ (ExFz + EzFx)
]
.
(VIII.38)
The phase-space-angular variables are hidden inside the E(θΛ, φΛ) and F(θΛ¯, φΛ¯) functions.
The differential-spin-density-distribution function W(ξ) of Eq.(VIII.38) involves two pa-
rameters related to the e+e− → Σ0Σ¯0 reaction that can be determined by data: the ratio of
form factors ηψ, and the relative phase of form factors ∆Φψ. In addition, the distribution
function W(ξ) depends on the weak-asymmetry parameters αΛ and αΛ¯ of the two Lambda-
hyperon decays. The dependencies on the weak-asymmetry parameters β and γ drop out,
when final-state-proton and antiproton spins are not measured.
An important conclusion to be drawn from the differential distribution of Eq.(VIII.38) is
that when the phase ∆Φψ is small, the parameters αΛ and αΛ¯ are strongly correlated and
therefore difficult to separate. In order to contribute to the experimental precision value of
αΛ and αΛ¯ a non-zero value of ∆Φψ is required.
IX. HELICITY ANGULAR FUNCTIONS
In the helicity-coordinate system, the scattering plane of the reaction e+e− → Σ0Σ¯0 is
still spanned by the unit vectors pˆ = lΣ0 and kˆ = le, as measured in the c.m. system, and
with scattering angle cos θ = kˆ · pˆ. The scattering plane makes up the x′z′-plane, and with
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the y′-axis normal to this plane. We choose a right-handed-coordinate system with basis
vectors
e′z = kˆ,
e′y =
1
sin θ
(kˆ× pˆ),
e′x =
1
sin θ
(kˆ× pˆ)× kˆ. (IX.39)
In the helicity-coordinate system the final-state-hyperon momentum can be decomposed as
pˆ = sin θ e′x + cos θ e
′
z, (IX.40)
and N = −e′y normal to the scattering plane, for N defined in Eq.(III.12).
In spherical x′y′z′ coordinates the unit vectors lΛ and lΛ¯ associated with the directions
of motion of the Λ and Λ¯ hyperons are,
lΛ = (cosφ
′
Λ sin θ
′
Λ, sinφ
′
Λ sin θ
′
Λ, cos θ
′
Λ),
lΛ¯ = (cosφ
′¯
Λ sin θ
′¯
Λ, sinφ
′¯
Λ sin θ
′¯
Λ, cos θ
′¯
Λ), (IX.41)
and similarly for the unit vectors lp and lp¯.
As in the previous section we introduce a short-hand notation for vectors expressed
in helicity coordinates, lΛ = E
′ = (E ′x, E
′
y, E
′
z) and lΛ¯ = F
′ = (F ′x, F
′
y, F
′
z). In order to
determine the spin-density-distribution function in terms of the helicity angles we need the
six kinematic functions Q(lΛ, lΛ¯) of Eq.(VII.33) in terms of the helicity angles of Eqs.(IX.41).
In principle, this is straightforward but it turns out to be more involved than for the global
case, since some of the Q(lΛ, lΛ¯) functions will depend on the scattering angle θ.
The basis vectors of Eqs.(IX.39) and (VIII.34) are related by
ex = − cos θ e′x + sin θ e′z,
ey = −e′y,
ez = sin θ e
′
x + cos θ e
′
z. (IX.42)
From this relation one derives a corresponding relation for the global-vector components Fk,
and helicity-vector components F ′k, of the directional unit vector lΛ¯ associated with the Λ¯
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hyperon,
Fx = − cos θF ′x + sin θF ′z,
Fy = −F ′y,
Fz = sin θF
′
x + cos θF
′
z, (IX.43)
and ditto for the Λ hyperon case.
The new set of the six Q(lΛ, lΛ¯) functions of Eq.(VII.33) is obtained by replacing global-
vector components by helicity-vector components, to give
QΛ =− E ′y,
QΛ¯ =− F ′y,
Q1 =(sin θE
′
x + cos θE
′
z)(sin θF
′
x + cos θF
′
z),
Q2 =Q3 + E
′
yF
′
y,
Q3 =(− cos θE ′x + sin θE ′z)(− cos θF ′x + sin θF ′z),
Q4 =(− cos θE ′x + sin θE ′z)(sin θF ′x + cos θF ′z)
+ (sin θE ′x + cos θE
′
z)(− cos θF ′x + sin θF ′z). (IX.44)
This set of helicity-angular-dependent functions has a decidedly more complex depen-
dence on the scattering angle θ than the global-angular set of Eq.(VIII.37), which is inde-
pendent of the scattering angle. Helicity coordinates are e.g. used by the BES group, [1, 3],
and by [11].
The differential-spin-density distribution is defined in Eq.(VII.32). For the application
to helicity coordinates it takes the form
W(ξ(Ω′)) = 1 + ηψ cos2θ
+
√
1− η2ψ sin(∆Φψ) sin θ cos θ
[
λΛE
′
y + λΛ¯F
′
y
]
+ λΛλΛ¯
[
(1 + ηψ)Q1 + sin
2θ
(
(Q3 −Q1) + ηψ(Q3 −Q2)
)
+
√
1− ηψ2 cos(∆Φψ) sin θ cos θ Q4
]
,
(IX.45)
with the Q functions as defined in Eqs.(IX.44). The argument ξ(Ω′) of the functionW(ξ(Ω′))
remind us we work in the helicity-coordinate system.
14
X. CROSS-SECTION DISTRIBUTIONS
In view of its simplicity, we propose evaluating the cross-section distribution for each event
in the global xyz coordinate system of Eq.(VIII.34). The expression for the differential-spin-
density distribution W(ξ(Ω)) in this coordinate system is already known, and displayed in
Eq.(VIII.38), where the symbol Ω refers to spherical angles, Ω = (φ, θ), in the xyz coordinate
system.
It might be remembered we introduced the notation E = lΛ and F = lΛ¯, with Cartesian
components as defined in Eq.(VIII.36). A unit vector such as lΛ, which is a unit vector
in the direction of motion of the Λ hyperon in the rest system of the Σ0 hyperon, can be
expressed in either Cartesian xyz or spherical-angular variables,
lΛ = (lΛx, lΛy, lΛz) = (cosφΛ sin θΛ, sinφΛ sin θΛ, cos θΛ). (X.46)
The decomposition into spherical coordinates needs to be known since the phase-space ele-
ment dΩΛ is expressed in termes spherical-angular variables.
It was already noticed in Sect.VII that the angular variables Ωp and Ωp¯ only appear in
the multiplicative parameters λΛ(θΛp) and λΛ¯(θΛ¯p¯) of Eqs.(VII.30) and (VII.31). Averages
over Ωp and Ωp¯ give
〈λΛ(θΛp)〉 =
∫
dΩp
4pi
αΛ cos(θΛp) =
1
3
αΛ, (X.47)〈
λΛ¯(θΛ¯p¯)
〉
=
∫
dΩp¯
4pi
αΛ¯ cos(θΛ¯p¯) =
1
3
αΛ¯, (X.48)
where αΛ and αΛ¯ are the weak-interaction-decay parameters for the Λ and Λ¯ hyperons.
Thus ends our exposition of the factors making up the master formula, Eq.(II.1), for
the normalized cross-section distribution for production and decay of Σ0Σ¯0 pairs in e+e−
annihilation.
XI. SUMMARY
This is a study of joint production and simultaneous sequential decay of Σ0Σ¯0 pairs
produced in e+e− annihilation. It starts from a master formula which is a product of three
factors, describing: the annihilation of a lepton pair into a hyperon pair; the spin-density
distribution W(ξ) representing the spin dependence in hyperon production and decay; and
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the phase-space element in sequential hyperon decay. Each measured event is specified
by a nine-dimensional vector ξ = (θ,ΩΛ,Ωp,ΩΛ¯,Ωp¯), with θ the scattering angle in the
e+e− → Σ0Σ¯0 subprocess.
The dynamics of the process is described by four unit-three vectors lp, lΛ, lp¯, lΛ¯, directed
along the directions of motion of the final state baryons (Ωp,ΩΛ,Ωp¯,ΩΛ¯) . We have arranged
so that the spin-density-distribution function can be written as
W(ξ) = R−
[
λΛQΛ + λΛ¯QΛ¯
]
S
+ λΛλΛ¯
[
Q1T1 +Q2T2 +Q3T3 +Q4T4
]
.
(XI.49)
Here, the six functions R, S, and T are functions of the scattering angle θ and the ratio of
form factors ηψ, whereas the six functions Q are functions of lΛ and lΛ¯, and of pˆ = lΣ0 and
kˆ = le. The unit vectors lp and lp¯ only enter the weak-asymmetry functions λΛ and λΛ¯ of
Eqs.(VII.30) and (VII.31).
It remains to connect the four kinematic unit vectors to measured quantities. To this end
we imbed Cartesian-coordinate systems in our events. Then, with the Lambda hyperon as
an example,
lΛ = (lΛx, lΛy, lΛz) = (cosφΛ sin θΛ, sinφΛ sin θΛ, cos θΛ). (XI.50)
Our preferred coordinate system is named global and has the xz-plane as scattering plane,
and pˆ along the z-direction. In global coordinates the building blocks of the spin-density-
distribution function W(ξ) in Eq.(XI.49) have the simple structure mentioned above. In
particular, the six Q functions are independent of the scattering angle θ.
An alternative to global coordinates is helicity coordinates, when the x′z′-plane is the
scattering plane, and k directed along the z′ axis. Several of the Q function now depend on
the scattering angle θ in a complex way, even though the two coordinate systems are related
by a rotation.
Appendix A: Baryon form factors
The diagram in Fig.1 describes the annihilation reaction e−(k1)e+(k2)→ Y (p1)Y¯ (p2) and
involves two vertex functions; one of them leptonic, the other one baryonic. The strength of
the lepton-vertex function is determined by the fine-structure constant αe, but two complex
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form factors GψM(s) and G
ψ
E(s) are needed for a proper parametrization of the baryonic vertex
function, as of Ref.[4]. The values of these form factors vary with energy, s = (p1 + p2)
2.
The strength of the baryon form factors is measured by the function Dψ(s),
Dψ(s) = s
∣∣∣GψM ∣∣∣2 + 4M2 ∣∣∣GψE∣∣∣2 , (A.1)
with the M -variable representing the hyperon mass. The ratio of form factors is measured
by ηψ(s),
ηψ(s) =
s
∣∣∣GψM ∣∣∣2 − 4M2 ∣∣∣GψE∣∣∣2
s
∣∣∣GψM ∣∣∣2 + 4M2 ∣∣∣GψE∣∣∣2 , (A.2)
with ηψ(s) satisfying −1 ≤ ηψ(s) ≤ 1. The relative phase of form factors is measured by
∆Φψ(s),
GψE
GψM
= ei∆Φψ(s)
∣∣∣∣∣GψEGψM
∣∣∣∣∣ . (A.3)
Appendix B: Structure functions
The six structure functions R, S, and T of Eq.(III.11) depend on the scattering angle θ,
the ratio function ηψ(s), and the phase function ∆Φψ(s). To be specific [4, 6],
R = 1 + ηψ cos2θ, (B.1)
S =
√
1− η2ψ sin θ cos θ sin(∆Φψ), (B.2)
T1 = ηψ + cos2θ, (B.3)
T2 = −ηψ sin2θ, (B.4)
T3 = (1 + ηψ) sin2θ, (B.5)
T4 =
√
1− η2ψ sin θ cos θ cos(∆Φψ). (B.6)
The parameters ηψ and ∆Φψ are defined in Eqs.(A.2) and (A.3). The function T3 of Eq.(B.5)
differs from the corresponding function T3 of Ref.[2] by the sin2θ factor. Similarly, the
function T4 of Eq.(B.6) differs from the corresponding function T4 of Ref.[2] by the sin θ
factor.
17
Appendix C: Finding angular variables
The angular functions Q(lΛ, lΛ¯) of Eq.(VII.33) and the λ parameters of Eqs.(VII.30) and
(VII.31) are expressed in terms of unit vectors such as lp and lΛ, which are not directly
measurable but which must be calculated. We suggest the following approach.
For each event we imbed the particle momenta in its c.m. system and with coordinate
axes as defined in Eq.(VIII.34). For the Σ0 hyperon the components of the momentum are,
by definition,
pˆΣ0 = (0, 0, 1). (C.1)
Then, let us consider the proton and the hyperon of the final state, with momenta pp and
pΛ in the c.m. system. In the rest system of the Lambda hyperon, Lp denotes the proton
momentum, which is given by the expression
Lp = pp +BΛppΛ, (C.2)
BΛp =
1
mΛ
[
1
EΛ +mΛ
pΛ · pp − EΛ
]
. (C.3)
Now, the length of the vector Lp is well-known, being the momentum in the hyperon decay
Λ→ piN , and therefore
|Lp| = 1
2mΛ
[
(m2Λ +m
2
pi −m2N)2 − 4m2Λm2pi
]1/2
. (C.4)
Hence, the unit vector lp appearing in our equations should be
lp = Lp/|Lp|, (C.5)
= (cosφp sin θp, sinφp sin θp, cos θp). (C.6)
Also, the equation for lΛ in the decay Σ
0 → Λγ is easily written down, as are the
corresponding equations for the antiparticles, p¯ and Λ¯.
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